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Continuous dependence of spatially nonunkform concentration profiles for the “‘Bmssellator” reaction mechanism on the 
chiuacter%stic lengtli of the system is given both for zero flux and fned boundary conditions. Branches of solutions arising 
through prima.w biiurcatior. form closed curves. Secondary bifurcations giving rise to spatially asymmetric solutions exist 
for fixed boundary conditions. Results of a stability analysis of individua! solurions are discussed. A method of composing 
complex spatial prot3es for bigber lengths from elementary soIutions for smaller lengths is suggested and tested in the case 
of zero flux boundary conditions. Emergence of subsequently more complex stable patterns in dependence on increasing 
length of the system suggests many similarities to gradual build up of complex morphogenetic patterns. 

1. Intmduction 

Sohitions of reaction-diffusion equations with ap- 
propriate kinetic relations can serve as simple models 
of a number of biological phenomena. They can be 
used for the description of chemical mechanisms of 
cell differentiation, pattern formation and morpho- 
genesis. Realistic description of the reaction and trans- 
port in the Iiving cells and tissues will require to con- 
sider also other types of transport than diffusion (e.g. 
ionic migration, active transport at the boundaries). 
Models thus constructed will be more complex and 
wilI bring undoubtedly new features. The basis of 
various models forms the imerpretation of such phe- 
nomena as nonmonotonic (%patially periodic”) sta- 
tionary profiles of concentrations of characteristic 
components or time and space dependent wave-like 
concentration profiles. These result due to interaction 
of the special type of nonlinear kinetics relations (e.g. 
enzymatic reaction with feedback inhibition) with 
transport phenomena. The nonlinearity of description 
makes analytic techniques difficult to use for predic- 
tion of the concentration profiles. The no&near ana- 
lysis required in order to predict what spatial patterns 
ultimately evolve can be exceedingly complex and dif- 

ficuft to perform. Wnen the governing parameters are 
far from their bifurcation values, and as we shall show 
in this paper, often even in the case that we are in the 
neighbourhood of the bifurcation region we usually 
do not have any other alternative to numerical solution 
of the governing equations. In this paper we shall pre- 
sent results of a detailed numerical study of the most 
popular model, the simple tri-molecular scheme some- 
times called “Brusselator” II-73 _ 

For the chosen set of reaction and diffusion param- 
eters the computed continuous dependence of the num- 
ber and character of steady state profdes on the charac- 
teristic dimension of the system is given. It follows 
from the computed results that a new type of spatial 
profile bifurcates every time, when the characteristic 
eigenvalue of the corresponding linear problem crosses 
the imaginary axis. The stability of individual solutions 
is discussed. In the case of the boundary conditions of 
the first kind secondary bifurcations occur, even if the 
range of parameters studied does not permit existence 
of multiple zero eigenvalues of the linearized problem. 
In the case of the boundary conditions of the second 
kind we shall demonstrate, how starting from the most 
Ample spatial profiles we can build up complex profiles 
by joining the simple (elementary) profiles together in 



an apprcpriate way. We believe, that the method of 
analysis used in this paper can help in the study of 
more complicated schemes, which could be constructed 
in the future for description of data obtained on bio- 
chemical and living systems. 

2. Balance equations, previous results 

The “Brusselator” corresponds to a simple trimo- 
lecular scheme 

A:X, 2X+Y=3X, B+X=Y+D, XXE. 

(1) 

The system is open to the initial and final chemicals 
A, B, D, E with their concentrations imposed through- 
out the system. Further, ah forward kinetic constants 
are set to unity and the inverse reaction rates are ne- 
glected. If a bounded, one-dimensional medium is as- 
sumed, then the rate equations describing the reaction 
and diffusion transport are 

axlar=.4+x2 y-(z3+i)x-mX a2x/az2, GW 

aYjat=Bx-x2Y+Dy a2ylaz2. (=I 

Here Ox and Dy are diffusion coefficients of the com- 
ponents X and Y and mass transport is described 
through Fick’s law. 

Two types of boundary conditions will be considered: 
a) Zero flux boundary conditions 

z=O,L;t>O: axjaz= arjaz=o_ 

b) Fixed boundary conditions 

(3) 

z=O,L;t>O: X=A=X,;Y=B/A= YO. (4) 

In the steady state, if dimensionless spatial variable x 

= zJL, x E (0,l) is introduced, we obtain two coupled 
second order nonlinear ordinary differential equations 
(boundary value problem) 

d’X/dx’ = (L2/DX) [--A -X2 Y-f (B -t 1)X] (5) 

d’ Y/ax2 = (L2/DX 9) [--BX +X2 y] - (6) 

Here 9 =Dy&. Uniform solution of eqs. (S), (6), 

X’Xo =A, Y= Y,, =B/‘A (7) 

will be called basic solution [S 1. The stability of this so- 
lution is determined by the nature of the roots of the 
characteristic equation for the system of linear differ- 
ential equations obtained through linearization of the 
system (5), (6) around basic state X0, Yo [9] 

+[B-l-A2 -D,(l t- 9) k?] oJi (8) 

+A2(l ++x)+D&9(1 -B)++kf= 0. 

Here ki = nn/L with i = n L- 0, 1,2 __. (except for bound- 
ary conditions (4), where n = 0 is excluded). Steady 
state X0, Ye can be destabilized in two ways: through 

real eigenvahres (Be 6Ji > 0, ImOi = 0) Oi thrOU@l com- 
plex ones (Beof > 0, hnwi # 0). Which type of an in- 
stability occurs depends on the values of the parameters 
in eqs. @a, b). In the case of an instability through real 
eigenvahres the appearance of non-uniform spatial pro- 
Bles has been predicted and confirmed by numerical 
simulations of eqs. (2a, b) [6]. Our study deals with 
such a case. The eigenvahres Wi are determined as 

&’ =+{B - 1 - A2 -k&.(1 -I- 8) I 

i[[B-l+A2+k,2Dx(b-l)]2-4A2B]1p]. 

(9) 

‘Ihe lowest value of the wave number n corresponding 
to the lowest value of ki where Be wi = 0 will be called 
critical and denoted nc (k, = n,mjL). 

For real &* I we shall have Be&* = 0 for values I 
of 

G,2 =nir 

The values I.;,2 are directly proportional to n. Hence 
for n = nc = 1 we can obtain two minimal primary bi- 
furcation lengths L; 2_ For the other values of n = 
= 2,3 ___ the next eigenvahtes will subsequently cross 
zero and bifurcation lengths will be the multiples of 
L;,2forn=1. 
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The branch of solutions which bifurcates from the 
trivial solution to the right (i.e. for the values of 
L > L*) is usually called supercritically bifurcated 
branch (“supercritical bifurcation”); the branch bi- 
furcating to the left (L <L*) is then called subcritical. 
It was proven [ lo,1 11 that supercritically bifurcated 
branch preserves the stability or instability of the tri- 
vial solution for L <L*, subcritically bifurcated branch 
can not be st2ble along with the trivial solution for 
L-EL*. 

In the neigbbourhood of the primary bifurcation 
lengths the approximate analytical solutions describ- 
ing spatial profiles bifurcating from the basic solution 
can be obtained by different asymptotic procedures 
e-g. by perturbation techniques. Auchmuty and 
Nicolis [ 123, Herschkowitz-Kaufman [9] and Cohen 
2nd Boa [13] obtained such solutions up to the first 
order perturbation terms in the small parameter pro- 
portional to the values of the parameter B - B,_ Here 
B, is the value of B for Rewi = 0 and denotes critical 
value of B where the bifurcation occurs. An extensive 
comparison of the approximate results using perturba- 
tion formulae [9,12,13] with numerically determined 
concentration profdes will be published elsewhere [ 14]_ 

The numerical results reported in [9] were obtained 
tluougb application of finite difference techniques to 
the complete set of PDE, eqs. (2a, b). The numerical 
algorithm used converged to stable solutions only (no 
results with integration in the directbn of reversed 

time were reported). Recently authors [ 1 S] have re- 
ported the results of numerical solution of the steady 
state eqs. (5) for one set of parameters. The authors ob- 
tained four different steady state solutions and checked 
numerically, that only one of them was stable. How- 
ever, they have not been certain, whether the actual 
number of solutions is not higher than four. Babloyantz 
and Hiemaux [ 161 presented examples of the bifurca- 
tions where L was also considered as 2 characteristic 
bifurcation parameter_ 

Keener [ 171 has studied secondary bifurcation for 
the set of two coupled nonlinear diffusion reaction 
equations with quadratic nonlinearity including also 
the model equations for the “Brussellator”. He utilized 
the realization [S] that secondary bifurcations are re- 
lated to multiple bifurcation, i.e. the case, where more 
eigenvalues of the linearized problem will cross at the 
same time the imaginary axis. In our situation this 
would correspond to such 2 choice of parameters, that 

ml L; = m2 La (here ml, ~722 are appropriate integers)_ 
Mabar and Matkowsky 1181 have studied secondary bi- 
furcations for the “Brussellator”. They used perturba- 
tion techniques and obtained approximate relations for 
the branches of solutions in the neighbourhood of sec- 
ondary bifurcation points. 

3. Numerical algorithms 

For numerical calculation of the dependence of the 
steady-state solution of eqs. (5) on characteristic length 
an efficient algorithm of parameter mapping technique 
was used. The algorithm will generate the dependence 
of X(x), Y(x) as a function of chosen continuously 
changed values of the parameter, characteristic length 
of the system, starting from a known solution at a 
chosen point and is described in detail in the previous 
paper [ 19]_ Solutions close to the primary bifurcation 
points L; 2 were chosen as first starting solutions and 

then otbe’r initial conditions were chosen in dependence 
on the evolving phase plane picture. The studied region 
of the phase plane was then checked along the basic 
solution, bifurcating primary branches of solutions 
and at other chosen points to find out, whether any 
other branch of the solution (arising e.g. through sec- 
ondary bifurcation) exists. 

The stability of individual spa&lly nonuniform 
solutions for the chosen values of characteristic lengths 
was checked through numerical solution of the full 
system of spatial equations (22, b). Known steady state 

profiles were used 2s starting profiles and time course 
of evolving solutions was followed. In some cases dif- 
ferent starting profdes were used to determine the re- 
gions of attractions of individual stable profiles. Im- 
plicit difference scheme was used with spatial variable 
divided into 40,80, 160 intervals (as required for ac- 
curacy). 

4. Numerical results 

All computations were carried out for the set of 
parameters, which was most intensively studied in the 
literature, i.e. the values A = 2, B = 4.6, D, = 1.6 
X 10-3,D, = 8 X 10m3_ The critical values of the 
characteristic dimension of the system, where basic 
solution changes its stability (primary bifurcation 



238 

: : 
t 4 

:I; : 
,I, f 

0.1 0.2 0.3 O-4 0.5 L 

c 
L, PL: L; 3.L; -4-L; SL; 2.c 

------ --_-- 

2.. 

1 “I 0.7 0.2 0.3 0.4 0.5 L 

Fig. la, b. Dependence of X(0). Y(0) on characteristic dimension of the system L., LT, Lz are primary bifmcz&On ~~%Zth% A is 
point of ‘*secondary bifurcation”. J,z,3, . . . positions of spatial profiles in figs. 4a-g. 

points] are determined from eq_ (10) as.L; = 0.0798443, bifurcation on the basic profile. 
L; = 0.2211233. We can find out, that no secondary bi- 
furcation from the basic profile through multiple eigen- 4.1.Ze70 jkx bour&z?y conditions 

values crossing the imaginary axis can be expected, 

when the 1en~gt.b of tie system is varied. We would have In figs. la, b tie contimrous dependence of the 

to vary also or.e of the parameters A, B to create the value of the variable X(0) (fig. la) and Y(O) (fig. 1 b) 
point of secondary biiurcation arising through multiple on the characteristic length of the system is shown. 



M. Kub&zk et uL./SpatiaI swmrures in a reaction-diffision system 239 

The concentrations of the reaction controlling compo- 
nents X and Y at the boundaries of the system (at x 
= 0, I) vary wideiy, are often very sensitive to the small 
changes of characteristic dimension and can be mul- 
tiple. We can infer from the figure, that multiple non- 
uniform spatial prof%s exist, and that two branches 
bifurcating at the prhnary bifurcation length L; form 
a closed curve_ Hence the region of existence of the 
nonuniform solutions with the critical wavenumber 
n, equal to one is limited. Similarly the bifurcating 
solutions with higher wavenumbers form closed curves 
and rhns with increasing length only profiles with sev- 
eral neighbouring wavenumbers will exist. For another 
reaction model it can be shown that the bifurcated non- 
uniform solutions do not form closed curves, cf. [ 193. 
Whether one or two closed curves are formed between 
L; and L; depends & the character of changes with 
L of the correspondidg eigenvalues with zero real parts 

]20] - 
Branches bifurcating supercriticalIy are stable, in 

agreement with the predictions for approximate solu- 
tions obtained through perturbation analysis. In a nar- 
row retion of lengths the curve of nonuniform solu- 
tions is convex and we can have altogether four distinct 
solutions in this region. The inner solutions are then 
unstable, as it fohows from numerical solution. The 
most remarkable property of solutions satisfying zero 
flux boundary conditions is the possibility of ‘%om- 
posing of solutions” [ 193. If we have obtained solution 
X(x), Y(x) for given L, x E (OJ), (let us call it “‘ele- 
mentary sdution’) we can from this solution compose 
the solutions Z(x), 5+$x) on the intervals x E (0,2), 
x E (0; 3) in the following way: 

x E (0, I): Z(x) =X(x); F(x) = Y(x) 014 

xE(1.2): &4=X(2--x); y(x)= Y(2--x) (llb) 

x E (2,3): Z(x) = X(x - 2); i;cx> = Y(x - 2)_ (11 c) 

The general scheme of composing of solutions is shown 
in fig. 2. From the scheme it follows, that we can de- 
ie&e for any given characteristic length L the nurn- 
ber of solutions which can arise through composing. 
Let us denote L, and Lz coordinate of the left limit 
point [8] of the branch bifurcating at Li and Lz, re- 
spectively (here Ll =L;& CL;). Let AL, (and 
A&) be the length of the projection of the closed 
branch bifurcating at L; (and Lz) into L axis; further 
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Fig. 2. Schema of composing of solutions. Zero flus boundary 
conditions. 

let L3 denote the coordinate, where four solutions on 
the closed branch first occur (L3 corresponds here to 
the coordinate of the secondary bifurcating point A); 
AL, is the width of the interval of these multiple solu- 
tions (c.f. fig. 2). Then for the chosen length of the inter- 
val L we can determine the number of solutions A7 aris- 
ing through composing as 

Here [L/Li] and [I+‘& 4 ALi)] denote integer parts 

of the ratios; the points where L is multiple Of Li or 
(Li + ALi) are excluded (cf. figs. la and 2). Other SOILI- 

tions arising through secondary bifurcations or not con- 
nected with the trivial solution can also exist. The 
scheme is specific for our particular example. However, 
such scheme of construction of composed solutions 
can be created in a similar way for any other dissipa- 
tive structure arising for the zero flux boundary condi- 
tions. For example, in the case L = 1, which was stud- 
ied in detail by Herschkowitz-Kaufman [9] we can see 
from tig. 2, that altogether seventeen solutions exist 
(one uniform and sixteen nonuniform derived by com- 
posing technique). 

Every line denoted with wave number in fig. 2 cor- 
responds to two solutions. Two corresponding soiu- 
tions with even wave numbers have positions of maxi- 
ma and minima mutually exchanged (cf. figs. 3b, c), 
two solutions with odd wavenumbers are mutually 
symmetric around the axis going through x = OS. The 
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Fig. 3a. Spatial prof5les X(x) for zero flux boundary conditions. 
L = 1. Evolution of unstable steady state profile in time. 

individual solutions are shown in 1341. In fig. 3a the 
spatial profde composed from five elementary profiles 
for L r= 0.2 is shown. The eIementary profile is un- 
stable and the composed profile is also unstable. Three 
transient spatial profiles, results of the integration of 
full partial differential equations starting from the un- 
stable profile, are also shown. Transients finish at the 
stable profile with the wavenumber n = IO (corresponds 
to the number of extrema on the starting unstable pro- 
tile). In figs. 3b, c two stable spatial profiles with five 
extremas are shown. Stable profiles with increasing 
number of extrema (up to eleven) exist. Spatial pro- 
files with twelve and thirteen spatial extremas are un- 
stable_ Herschkowitz-Kaufman has reported three dif- 
ferent stable solutions for this case. We have found al- 
together ten different stable spatially nonuniform pro- 
files. The complex solutions composed from the un- 
stable elementary spatial profiles are here unstable. 
The solutions composed from the stable elementary 
profiles were mostly stable. The case, where the pro- 
file composed from stable elementary profiles is un- 
stable occurs for the profile with twelve extremas. 
Ilere the complex profile can be composed either as 

multiple of six unstable elementary profiles or as mul- 
tiple of twelve stable elementary pro&s (cf. fig. 1 a). 
It seems, that this change of stability Is caused by the 
fact, that we have encountered point ofsecondary bi- 
furcation A (see fig. 1) on the intersection of elernen- 
tary solutions with the branch which has arisen as com- 
posed from two elementary solutions. 

Characteristic spatial profiles at different values of 
length which can be used as elementary profiles are 
given in figs. 4a-f. In fig. 4a three existing spatial pro- 
files are shown. Basic unifolnn profile is unstable (un- 
stable profiles are shown as dashed lines), two nonurd- 
form spatial profiles are stable (full line), as we have en- 
countered supercritical bifurcation at L = LT. The nurn- 
bers on individual profiles agree with the numbers on 
fig. la. In f&s. 4bc similar situations for higher values 
of L are depicted_ We hope, that the presented numer- 
ical spatial profiles can serve for testing of approximate 
solutions obtained through other techniques in the fu- 
ture. In fig_ 4d five spatial profiles for the value of 
length L = 0.170 > 2 X L; are shown. Both spatial pro- 
Cles belonging to the branch of solutions bifurcating at 
L = L; are still stable, but also one of the solutions be- 
longing to the branch bifurcating at L = 2 X L; is also 

stable (the second one is behind the point of secondary 
bifurcation A). Seven solutions can be observed in 
tig. 4e; in fig. 4f, L = 0.2, we can already see that just 
two from five spatial proliles (v&b wavenumber n = 2) 
are stable, profiles belonging to branch of solutions bi- 
furcating at L = L; are unstable. Finally, in fig. 4g where 
I. = 0.3 > 3 X L;, we can observe existence of four 
stable spatial profiles with wavenumber n = 2,3. 

We can infer from fig. 4, that in a hypothetical sys- 
tem, where we would continuously increase the charac- 
teristic length, stable elementary profile would be (at 
the point where this becomes unstable) transformed 
into profile with two extrema, that profile would be 
after sufficient increase of length transformed into a 
profile with three extrema and so on. Fluctuations of 
concentrations with higher amplitudes could then shift 
at certain lengths, but not always, the profile into quali- 
tatively different one e.g. in the case of characteristic 
length L = 1 the number of extrema on the spatial con- 
centration profile could vary between six and eleven, 
depending on the transient hkstory of the profile de- 
velopment. These effects of the characteristic length 
variation can serve as a basis for a construction of the 
models of differentiation. 
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4-Z. Ened boundary co?zditions is directly proportional to the overall flux into the sys- 

tem_ We can see, that the flux can vary sharply with 
l%e dependence of the values of the derivative of slight changes of the value of the governing parameter, 

the concentration X or Y at the boundary (dX,/d~~,=~, i-e_ here the characteristic dimension. Similarly to the 

dY/dxl,,,) is given as a function of characteristic Ien,& case of t3e zero flux boundary conditions, we can ob- 

of the system in figs. 5a, b. The value of the derivative serve, that branches of solutions bifurcating at primary 
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bifurcation points form closed curves- We can see 
“subcritical’” and “supercritical” bifurcations at point 
L; where the branch denoted A bifurcates from the 
basic profile. Subcritically bifurcating solutions (e.g. 
for values of L CL;) are in the close neighbourhood 
of the bifurcation point unstable in agreement with 
the predictions obtained via bifurcation analysis [IO] - 
However, as it was already conjectured by Boa [ 133, 
iu the neighbourhood of the bifurcating point L = i.; 
also another solution (stable) exists, with a large amph- 
tude. 

A similar situation (even if far more complex) can 
be observed for higher characteristic len,@hs. Hence 
we can conclude that approximate asymptotic sdu- 
tions obtained through application of perturbation 
techniques can give information about the existence 
of some spatially nonuniform solutions, their stability 
and spatial form in the neighbourhood of the points 
of bifurcation. However, we have to resort ourselves 
to numerical solution of original nonlinear equations 
iu the case, that we wish to lmow a full picture of the 
existing solutions and even to answer the question 
whether for chosen value of the parameter we can 
have stable nonunifcrm solutions or not. 

Bauer et al [S] have defined the bifurcation points 
on the basic solution (i.e. in our case points TZL; and 
nL$, n = 1.2 . ..) as primary bifurcation points and the 
half-rays of solutions that branch from these points, 
other than the basic solution, as p;imary states. Any 
solutions other than the basic soluticn which bifurcate 
from a primary state are called secondary states and the 
corresponding bifurcation points are called secondary 
bifurcation points. For the zero flux boundary condi- 
tions we can find points, (in figs. la, b these points are 
denoted A), that full% the above definition of the 
secondary bifurcation points_ However, at these points 
two primary bifurcation branches bifurcating at differ- 
ent primary bifurcation points have a common point, 
no new branch of solution (e-g. branch of asymmetric 
solutions) brauches out. The points (A) are connected 
with the change of stability of the original primary bi- 
furcation solutions. A different situation can be ob- 
served in figs. Sa, b. Here the curve C corresponds to 
the new closed branch of asymmetric solutions arising 
through secondary bifurcation (points denoted Q on 
the closed curves of primary bifurcation solutions A, C). 

The solution corresponding to the branch A changes 
its stability at the point @I). This secondary bifurcation 
does not correspond directly to multiple eigenvalues of 
the system linearized around basic solution going through 
zero, i.e. to the case which was studied by Keener [ 171. 
A new type of solution (asymmetric spatial profdes) 
arising through this secondary bifurcation could arise 
due to the multiple zero eigenvalue at the primary bi- 
furcation profile corresponding to the choice of param- 
eters, which are close in the five dimensional parameter 
space (A, 3, Bx, 8, L) to the values used in our study. 

ln fig. 6a-h spatial profies of the component X, 
X(x) at several chosen length intervals are given. The 
stable spatial profiles are shown as full lines and un- 
stable profiles are shown as dashed lines. The numbers 
on the individual profiles correspond to the numbers 
given in fig. 5a. In some cases it is shown to what stable 
profile particular perturbed unstable profile deveIops 
(e.g. Q--f 0). 

In fig. 6a (L = 0.068 <L;) three spatial profiles 
exist. The basic profde Q is stable together with the 
spatially nonuniform profde with large amplitude 0 _ 
The intermediate nonuniform profile Q predicted by 
asymptotic expansion techniques is unstable (subcriti- 
cal bifurcation). In figs. 6b, c spatial profiles at two 
lengths which are very close to the primary bifurcation 
point L; are pfisented. Approximate analytical solu- 
tions developed through methods of asymptotic ex- 
pansion or through other techriques can be tested on 
these cases. 

The situation shown in fig. 6b L = 0.075 is qudli- 
tativdy the same as that in fig. 6a. In fig. 6c (L 
= 0.@85 > L;) two nonuniform spatial profiies are 
stable and the basic profile has become unstable, in 
accordance with the bifurcation theory_ it would be 

useful to have approximate analytical techniques, 
which could predict both nonuniform spatial profiles. 

In fig. 6d two large amplitude stable spatial profiles 
are illustrated. The situation depicted in fig. Be cor- 
responds to the length I. = 0.168 > 2 X I.; ; two branches 
of solution corresponding to the wave number equal to 
two bifurcate. As can be seen from the figure, both 
spatial profiles @and @ are unstable. Hence from the 
five existing solutions just two are stable. In fig. 6f we 
can observe the appearance of two stable asymmetric 
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profdes @ , @ belonging to the secondary bifurcation 
branch of solutions C. One of the profiles from the 
branch A bifurcating at L = L; is r&II stable (profile 
@ ) another one (profile @I ) has become unstable. Al- 
together seven spatial profiles can exist for this value of 
the length, however, only three of them are stable. br 
Sg. 6h (L = 0.28) we can observe seven spatial profiles 
belonging to branches C, D and E, Profiles belonging to 
braaches C and D are stable, uniform basic sohrtion and 
two profiles from bran& E are unstable. Hence at +&e 
same time stable profifes with characteristic wavenum- 
bers two and three can coexist. As can be seen from the 
figs. 5a, b we shaIi obtain with increase of the cbaracter- 
&tic length subsequently profdes with higher wavenum- 
bers, i.e. with higher nwnber of maxima and minima. 
Similarly to the case of zero flux boundary conditions, 
the branches of solutions bifurcating at individual muf- 
tiples of the primary bifurcation lengths form closed 
curves; hence only a limited number of spatially non- 
uniform solutions with neighbouring wavenumbers will 
coexist for a chosen value of characteristic dimension L 
Which of them will be actuahy realized in the system 
with given value of E will depend on the initial condi- 
tions, i.e. the transient history of the development of 
the system. The regions of attraction of the individual 
stable spatially nonuniform solutions can be very nar- 
row, as it was tested in extensive numerical simulation 
of the M PDE (2a, b). 

5. I3iscussion 

The computed contirmous dependence of the char- 
acter and number of solutions on the characteristic 
length for the “Brussellator” reaction schema has 
shown, that the solutions bifurcating at individual 
primary bifurcation length form closed curves. Even if 
the number ofsolutio~s avai?abIe can increase consid- 
erably with increasing length, we have shown that only 
a countable number of them will be stable and that for 
any given low v&e of the lengih we shall have only 
several of them ~6th wavenumbers close together avail- 

able to the system. Solutions on the branch C (cf. 
fig. 5a) arising through secondary bifurcation are asym- 
metric and also form a close curve. For the zero flux 
boundary conditions the schema of construction of 
complex spatial profiles starting from the eiementary 
profiles gives rules for development of complex pat- 

terns with the number of choices available to the sys- 
tem increasing with length. The knowledge of several 
first closed branches of the solution is all what is re- 
quired for the construction of the derived solutions. 
Additional spatially nonuniform solutions could arise 
through secondary bifurcation, as it was found in the 
case of fixed boundary conditions_ We are currently 
studying rides for deciding stability of the composed 
solutions. The rules are closely connected with the 
problem of multiple bifurcations. It appears, that the 
methods of computation developed f 191 and tested 
in this paper make it possible to determine effectively 
the continuous dependence of the spatially nonuniform 
solutions on chosen parameter for other-models of this 
type. We have studied expetientaby mode1 reaction- 
diffusion system (Zhabotinski reaction) @I] and have 
arrived to the conclusion, that a knowledge of such con- 
tinuous dependence of solutions on the reaction, trans- 
port and system parameters is necessary for proper inter- 
pretation of experimental results in the situation, where 
the vahtes of parameters are subjected to continuous 
changes, uncertainties and to random errors. Compari- 
son tith similar problems solved in the area of elastic 
stability ]22] and nonlinear hydrodynamic stability 
1231 shows, that combination of efficient numerical 
techniques with guide obtained from the bifurcation 
analysis can solve even more complicated stability, 
muhiplicity and pattern formation problems, which 
will arise in rhe case of real chemical or biological data. 

From the bidogical viewpoint, emergence of more 
and more complex pattern as a result of successive in- 
stabilities and the property of composing of complex 
patterns from elementary building blocks (elementary 
solutions) is similar to the gradual build up of complex 
morphogenetic patterns in the course of the develop- 
ment and deserves further study. 
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